Let (X, T) be a topological space and A c X then a point x € X is called a limit point (cluster or
accumulation point) of set A iff every nbd of x contains a point of A other than x.
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Derived set —The set of all limit points of a set A is called Derived set of A

and is denoted by D(A).
Example 1: Let X = {a, b, c} and T = {@,{a}, {a, b}, {a, c}, X} find all limit points of the sets
(i)A={b,c} (ii) B = {a,c}
Solution — (i) Test for limit points of set A = {b, c}:

For point a:

T —nbds of point a are: {a},{a, b}, {a,c}, X

In which {a} contains no points of A = {b, c} other than a @
.
A

~ a is not a limit point of set A.

For point b:
T —nbds of point b are: {a,b}, X

In which {a, b} contains no points of A = {b, c} other than b
~ b is not a limit point of set A.

For point c:
T —nbds of point ¢ are: {a,c}, X

In which {a, c} contains no points of A = {b, c} other than ¢

~ c is not a limit point of set A.




(ii) Test for limit points of set B = {a, c}:
For point a:
T —nbds of pointa are: {a},{a,b},{a,c} X
In which {a} contains no points of B = {a, c} otherthana
~ a is not a limit point of set A.
For point b:
T —nbds of point b are: {a, b}, X
In which  {a, b} contains point a of B = {a, c} other than b
Also X contains points a and c of B = {a, c} other than b
~ b is a limit point of set B.
For point c:
T —nbds of point ¢ are: {a,c}, X
In which {a, c} contains point a of B = {a, c} other than c
And X contains points a of B = {a, c} other than c
. C is a limit point of set B.
Hence D(A)=¢ and D(B) = {b, c}
Example 2.Let X = {a,b,c,d,e}and T = {@,{b},{d, e}, {b,d,e},{a,c,d, e}, X}
find all limit points of the set A = {b, ¢, d}
Solution- For point a:
T —nbds of pointa are: {a,c,d,e}, X
In which {a, ¢, d, e} contains points c,d of A = {b, c,d} otherthana
And X contains points b,c and d of A = {b,c,d} otherthana
Thus every nbd of point a contains a point of A other than a.

~ ais a limit point of set A.




For point b:

T —nbds of point b are: {b},{b,d,e}, X
In which  {b} contains no pointof a of A = {b,c,d} otherthan b

~ b is a not a limit point of set A.

For point c:

T —nbds of pointc are: {a,c,d,e}, X
In which {a, c,d, e} contains point d of A = {b, ¢, d} other than c

and X contains points b,d of A = {b,c,d} otherthanc
Thus every nbd of point ¢ contains a point of A other than ¢
~ cis alimit point of set A.

For point d:

T —nbds of pointd are: {d,e},{b,d,e},{a,c,d, e}, X
In which {d, e} contains no points of A = {b, ¢, d} other than d

~ d is a limit point of set A.

For point e:

T —nbds of pointe are: {d,e},{b,d,e},{a,c,d, e}, X
In which {d, e} contains point d of A = {b, c, d} other than e
{b,d, e} contains points b and d of A = {b, ¢, d} other than e
{a,c,d, e} contains points c and d of A = {b, c, d} other than e
X contains point b,c and d of A = {b, c,d} other than e

~ e is a limit point of set A.

Hence D(A) ={a,c, e}

Theorem —Let (X, T) be a topological space and let A be subset of X.Then A is closed if and
onlyif D(A) c Ai.e.iff AUD(A) =A




Proof — Let A be T —closed then

A is T —closed = A" is T —open

>toeachx €A’,Janbd Nyofx st. N, c A" | o Nx@
Since A and A’ are disjoint = A and N, are disjoint

= ANN, =0 @

= nbd of x contains no point of A

= x is not a limit point of A

Thus x € A" = x is not a limit point of 4

i.e. no point of A’ is a limit point of A4 which implies that set A contains all its limit points.
Hence D(A) c A

conversely, let D(A) € A andx € A’ then

x €A
> x €A
=>x &€ D(A) [since D(A) c A]
= x is not a limit point of A
= 3 a nbd of x which does not contain any point of A
= Janbd N, of x suchthat N, N A = @,
=>x€EN,cA
= A'isanbdofx
= A'is a nbd of each of its point
= A’ is open

= Ais closed




Properties of derived sets

Theorem —Let (X, T) be a topological space and A and B be subsets of a topological space.
Then

(i) D(B) =0 (i) Ac B = D(A) c D(B)

(i) D(A N B) € D(A) N D(B) (ivy D(AU B) = D(A) U D(B)

Proof : (i) since @ is closed = D(@) c @ [Ais closed & D(A) C A]
But @ c D(9) [@ is a subset of every set]

Hence D(@) =@

(ii) Let x € D(A) then
x is a limit point of set A
= Every nbd of x must contain a point of set A different from x.
= Every nbd of x must contain a point of set B different from x. [ A c B]
= x is a limit point of set B
= x € D(B)
Thus we have x € D(A) = x € D(B)
D(A) c D(B)
Hence A c B = D(A) c D(B)
(iii) Since ANBcA and ANnBcCcB
ANBcA=D(ANB)c D(A)

And AnNBcB=D(ANB) cD(B) [+AcB=D(A) cD(B)
Consequently D(AN B) c D(A) n D(B)
(iv) ~ we know that, Ac AUB and BCc AUB
Then AcAUB=D(A) cD(AUB)

And BcAUB = D(B)cD(AUB) [+ AcB=D(A) cD(B)




* D(A)UD(B) CD(AUB) oo (i)
Now we shall prove that
D(AUB)c D(A)UD(B)
ie. xED(AUB)=>x€ D(A)VUD(B)
it can be proved by proving its contra-positive statement:
x¢€DA)UDB)=>x¢D(AUB)

Nowx &€ D(A)UD(B) = x & D(A)and x € D(B)
= x is not a limit point of A and x is not a limit point of B
= Janbd N, of x suchthat (N, = {x}) NA=@and (N, —{x} ) NB=0
= [(Ny ={x)D NAJU[(Ny —{x}) NB] = @
=> N, —{x)DNAUB) =0
= x is not a limit pointof AU B
>x¢&D(AUB)

Thus we have proved that x¢DA)UDB)=>x¢D(AUB)

So its contra-positive x € D(AUB) = x € D(A) U D(B) s true.

= D(AUB)C D(A)UD(B) .ceoevvrrrunes (i)
Hence from (i) and (ii) we have

D(AUB)=D(A)UD(B) Proved




